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Comparison of Static and Dynamic Neural
Networks for Limit Cycle Oscillation Prediction

Michael R. Johnson¤ and Charles M. Denegri Jr.†

Air Force SEEK EAGLE Of� ce, Eglin Air Force Base, Florida 32542-6865

A dynamic arti� cial neural network in the form of a multilayer perceptron with a delayed recurrent feedback
connection is investigated to determine its ability to predict linear and nonlinear � utter response characteristics.
Flight-test results show that limit cycle oscillation (LCO) response characteristics are strongly dependent on Mach
number in the transonic � ight regime. This effect is also evident in the classical transonic small-disturbance theory
governing equations. A dynamic network is considered in order to examine the effects of sequential Mach-number
dependence on the network’s predictive capability. The architecture of a dynamic network allows for modeling
data dependent on a sequentially or linearly increasing parameter (usually time, but in this case Mach number).
The predictive capabilities are compared to those of a static arti� cial neural network. The network is developed
and trained using linear � utter analysis and � ight-test results from a � ghter test. Eleven external store carriage
con� gurations are used as training data, and three con� gurations are used as test cases. The dynamic network
was successful in predicting the aeroelastic oscillation frequency and amplitude responses over a range of Mach
numbers for two of the test cases. The dynamic network showed slightly better correlation to � ight-test results for
the typical LCO test case but slightly worse correlation for the � utter case. Predictions for the nontypical LCO
test case were not good for either network.

Nomenclature
g = arti� cial structural damping
K = modal stiffness matrix
KCAS = knots calibrated airspeed
k = stiffness matrix
M = modal mass matrix
m = mass matrix
Q = generalized aerodynamic force matrix
qlinear = linear � utter analysis displacement
qmeasured = � ight-measured displacement
qnonlinear = displacement from nonlinear sources
r = linear � utter analysis modal displacement
V = � utter solution velocity
1!.V / = velocity-dependentlinear frequency variation
1!nonlinear = frequency variation caused by nonlinear effects
½ = air density
Á; Ái = free-vibrationmode shape
!i ; !natural = natural frequency
!linear ; ! = linear analysis � utter frequency
!measured = � ight-measured frequency

Introduction

L IMIT CYCLE oscillations (LCO) have been a recurring prob-
lem on certain � ghter aircraft and are generally encoun-

tered on external store con� gurations that are theoretically pre-
dicted to be � utter sensitive. These sensitivities are quite evident
during � ight and are often the subject of extensive examination
during � utter � ight tests of aircraft that exhibit this behavior.
Reference1 providesa detaileddescriptionof theLCO phenomenon
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and its relationship to classical � utter. An excellent overview of
LCO of � ghter aircraft carrying external stores and its sensi-
tivity to the store carriage con� guration and mass properties is
given in Ref. 2. These papers describe LCO as a phenomenon
characterized by sustained periodic oscillations that neither in-
crease nor decrease in amplitude over time for a given � ight con-
dition. These papers also describe the problems associated with
this phenomenon and the elusiveness of predicting its occurrence
theoretically.

LCO arises from the nonlinear interaction of the structural and
aerodynamic forces acting on the affected aircraft component. Sev-
eral approaches exist for predicting the occurrence of LCO for
� ghter aircraft. The most practical approaches3¡5 are empirical in
natureand are basedon the assumption that LCO is a varietyof clas-
sical � utter, that is, once oscillations initiate they catastrophically
diverge. LCO differs from classical � utter in its tendency toward
limited amplitudeoscillationsrather thandivergingoscillations.The
assumptionthat LCO is a form of classical � utter is substantiatedby
the fact that the occurrenceof LCO is usuallyassociatedwith � utter-
sensitive aircraft/store con� gurations.Linear � utter analysis theory
forms the foundation upon which current LCO prediction methods
are based. A brief description of typical linear � utter analysis and
LCO analysis follows.

Linear � utter analyses are typically accomplished in the fre-
quencydomain and involve obtaining the natural vibration frequen-
cies and modes, calculating the generalized aerodynamic forces,
and then solving for the modal damping and frequency variations
with velocity. This analysis assumes the response of the structure
to be simple harmonic motion and is therefore limited to indicating
the stability of particular modes with respect to � ight velocity. The
main shortcoming of these methods with regard to LCO is that no
indication of the oscillation amplitude is available. This parameter
is of primary importancein the certi� cation process because con� g-
urations that exhibit high-amplitudeneutrally stable oscillationsare
typically avoided, whereas those exhibiting low-amplitude oscilla-
tions are typicallydeemedsuitableforuse.Even thoughlinear� utter
analyses are not capable of directly predicting LCO, these analy-
ses have been shown to adequately identify LCO-sensitive store
con� gurations and the oscillation frequency of the instability. Fur-
thermore, prior studies6;7 have shown that the modal composition
of the LCO mechanism can be indicative of the general nature of
the LCO sensitivities.
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In contrast to linear � utter analyses,LCO analysis is typicallyac-
complishedin the time domainand involvesperturbingthe structure,
computing the resulting aerodynamic forces, and then solving for
the resultant structural deformation due to these forces. The aero-
dynamic forces are then recomputed and the process steps forward
in time. In this manner a time history of the structural response is
predicted from which the damping and oscillation amplitude char-
acteristics of a particular con� guration can be examined.

One of the most restrictiveproblems with performing LCO anal-
yses is the tremendous volume of analysis cases that must be exam-
ined in order to provide certi� cation for a given store carriage con-
� guration and its permutations. The large number of possible store
carriage con� gurations (caused by external store downloading) in-
creases the likelihood of encountering LCO in the � ight envelope
for some store carriage permutations. From a structural dynamics
perspective different external store con� gurations essentially alter
the mass and inertia characteristicsof the wing structure.If different
weapon carriage pylons are involved, then the aeroelastic stiffness
characteristicsare alteredas well. The presenceof stores and pylons
can also signi� cantlyaffect the aerodynamics.From these consider-
ations it is apparent that because multiple stores can be carried and
downloaded on a typical � ghter aircraft, then numerous aeroelastic
systems exist for each store carriage con� guration.Thus, enormous
quantitiesof � utter or LCO analysesmust be performed for a single
aircraft weapon con� guration.

Because typical � utter and LCO analyses only give an indication
of the potential in-� ight behavior, � ight testing of the most critical
con� gurations is accomplished in order to verify the analyses and
to determine the true LCO characteristics.Flight testing continues
to become more and more expensive,whereas the number and com-
binations of store con� gurations are continually increasing.Hence,
it is important to � nd methods that accurately determine the � ut-
ter and LCO characteristicsof potentiallydangerous con� gurations
without the need for testing. It is equally desirable to identify those
con� gurations whose response characteristics are acceptable and
thereby eliminate the need for unnecessary testing. Although some
success in theoreticallypredicting LCO has been achieved, the pri-
mary shortcoming of these methods is that they have not yet been
shown to be practical for applications that require a large number
of analyses (such as weapon certi� cation efforts on � ghter aircraft).
Previous studies8 showed the feasibility of using a static arti� cial
neural network (static ANN) to map the results of � ight tests into an
intelligent system that infers the results of slightly differing con� g-
urationsbefore any test missionsare � own. The presentwork exam-
ines an extension to that approach by evaluating the capabilities of
a dynamic arti� cial neural network (dynamic ANN) in the form of
a multilayer perceptron with a delayed recurrent feedback connec-
tion. Flight-test results show that LCO response characteristicsare
strongly dependent on Mach number in the transonic � ight regime.
This effectis alsoevidentin theclassicaltransonicsmall-disturbance
theory governingequations.The architectureof a dynamic network
allows for modeling data dependent on a sequentially or linearly
increasing parameter (usually time, but in this case equally ef-
fective for Mach number). Thus, the effects of sequential Mach-
number dependence on the network’s predictive capability can be
examined.

In subsequent sections the use of the dynamic ANN for predict-
ing LCO on a � ghter aircraft with external stores is evaluated. The
general analysis concept is that of constructing an arti� cial neural
network based upon empirical inputs from linear � utter analysis
and LCO � ight tests. The network is then used to provide an LCO
predictioncapabilityfor new con� gurationsusinglinear � utter anal-
ysis data as inputs. The goal of this analysis approach is to develop
a practical nonlinear LCO prediction capability, thus reducing the
need for expensive � ight testing. It must be emphasized that no at-
tempt is made in the presentwork to explain the physics of the LCO
phenomenon. The method presented simply attempts to predict the
occurrenceof LCO basedon historical � ight test results by mapping
inputs to known � ight-test results and using the interpolative abil-
ity of the network to “infer” the response of similar, but untested,
con� gurations.

Fig. 1a Single network node.

Fig. 1b Simple two-node network.

Fig. 1c Network nonlinear functions.

Neural-Network Fundamentals
The conceptof thearti� cialneuralnetwork(ANN) is an attempt to

simulate one popular model of the memory structure of the human
brain. The ANN is designed to reproduce the brain’s behavior in
terms of learning and adaptation. The desirable characteristics of
the ANN lie in its ability to identify and model highly nonlinear
systems. ANNs have been shown to exhibit a potential for highly
effective interpolation9 within a problemspace and can be used as a
tool for the predictionof nonlinearstates beyond the problem space
bounds.

A neural network is an interconnection of nodes and weights
that map an input vector to an output vector. Nodes, sometimes re-
ferred to as perceptrons,are traditionally comprised of two parts: a
summing connectionwhere values from incoming signals are added
and a function that transformsthe summed signal into anothervalue.
Strictly speaking, a perceptron is a speci� c combination of a sum-
ming node and a hard-limiting transfer function that maps the input
to one of two output states.10 The term has come to be use inter-
changeably with “node,” however. A node is illustrated in Fig. 1a.
The transfer functions can be any mathematical function that trans-
forms, or maps, a given input to a given output, but the power in the
ANN lies in the use of nonlinear functions, giving the network the
ability to map linear combinations of input vectors into nonlinear
results. Typical nonlinear functions include exponential or loga-
rithmic sigmoids and hyperbolic tangents. Neural networks contain
layers of nodes between the input and output, referred to as hidden
layers because they are invisible to the user and autonomously per-
form their functions.A network can contain an unlimitednumberof
hidden layers, but typically no more than two are required.9 Output
layers are more likely to be linear, either limited by upper or lower
bounds or both, or unlimited. Figure 1b shows a small, two-input,
single-outputANN.

A static neural network is one in which the input vector is fed
forward only. A dynamic neural network contains feedback from
either the output back to the input or between layers hidden within
the network. Static networks are an obvious choice for modeling
� nite impulse response systems. If the system being modeled has
a transfer function that has in� nite impulse response (IIR) charac-
teristics, a dynamic network might be more applicable. Because of
the IIR nature of the dynamic network, it is typically used when
modeling a temporalprocess. It can also be used, however, to model
any process whose input and desired response are sequential in
nature.

The process of backpropagationis used to train, or adapt, a neural
network to its desired response. Backpropagation is the process by
which errorsbetween the network responseand the desiredresponse
are propagated back through the various layers of the network. A
detailed description of backpropagationcan be found in Ref. 9.
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Table 1 External store con� gurations

Station 1 wing-tip missile Station 2 under-wing missile Station 3 weapon Station 4 fuel tank

Suspension Suspension Suspension Fuel
Con� guration equipment Store equipment Store equipment Store state Category

2 Launcher A None Launcher A None Launcher C Missile 3 No tank Flutter
3 Launcher A None None None Launcher C Missile 3 Empty Flutter
7 Launcher A None Launcher A None Launcher C Missile 3 Empty Flutter
8a Launcher A None None None Launcher C Missile 3 No tank Flutter
1 Launcher A None Launcher A Missile 1 Launcher C Missile 3 1

4 full Typical LCO
4 Launcher A None Launcher A Missile 1 Launcher C Missile 1 1

4 full Typical LCO
6 Launcher A None Launcher A Missile 1 Launcher C None 1

2 full Typical LCO
12 Launcher B None Launcher A Missile 1 Launcher C Missile 3 1

4 full Typical LCO
13a Launcher A None Launcher A Missile 2 Launcher C Missile 3 Empty Typical LCO
16 Launcher B None Launcher A Missile 1 Launcher C None 1

2 full Typical LCO
18 Launcher B None Launcher A Missile 2 Launcher C Missile 3 Empty Typical LCO
5 Launcher A None Launcher A Missile 1 Launcher C Missile 1 Empty Nontypical LCO
15 Launcher A None Launcher A Missile 2 Launcher C Missile 1 Empty Nontypical LCO
17a Launcher B None Launcher A Missile 2 Launcher C Missile 1 Empty Nontypical LCO

aNetwork test con� guration.

Table 2 Flight-test response amplitudea at 5000-ft altitude

Mach number
Onset Frequency,

Con� guration 0.80 0.85 0.90 0.91 0.92 0.93 0.94 0.95 0.98 KCAS Hz Category

2 0.0 0.0 0.0 Nb N 2.5 4.0 ——c —— 569 9.40 Flutter
3 0.0 0.0 0.0 N N N 4.5 —— —— 575 9.40 Flutter
7 0.0 0.0 0.0 N N N N 0.5 —— 582 9.20 Flutter
8d 0.0 0.0 1.0 N 2.0 —— —— —— —— 550 9.50 Flutter
1 0.0 0.5 1.5 N N N N 2.5 —— 519 6.60 Typical LCO
4 0.0 1.0 2.0 3.0 —— —— —— —— —— 519 6.80 Typical LCO
6 0.0 0.0 0.5 N N N N 1.0 1.5 550 6.90 Typical LCO
12 0.0 1.0 2.0 N N N N 2.5 —— 519 6.80 Typical LCO
13d 0.0 1.0 3.0 4.0 —— —— —— —— —— 519 7.80 Typical LCO
16 0.0 0.0 0.0 N N N N 0.5 —— 582 7.00 Typical LCO
18 0.0 1.0 2.5 3.0 —— —— —— —— —— 519 8.10 Typical LCO
5 0.0 0.0 1.5 N N N N 0.0 —— 550 7.00 Nontypical LCO
15 0.0 0.5 1.0 N N 2.0 N 0.0 —— 519 8.10 Nontypical LCO
17d 0.0 0.0 0.5 0.0 —— —— —— —— —— 550 8.20 Nontypical LCO

aAmplitude in units of gravitational acceleration, g. All amplitudes are for constant oscillatory response except for con� gurations 2, 3, 7, and 8,
which showed divergent response at the endpoints.
bN-no response data explicitly measured.
c—— indicates no test data acquired.
dNetwork test con� guration.

LCO Characteristics
This section presents the � ight test and linear analysis results of

the external store con� gurations chosen for this study. Guidelines
for understandingand interpreting these results are also discussed.

Reference 7 describes three categories of aeroelastic response
behavior seen on � ghter aircraft. These categories are described
as � utter, typical LCO, and nontypical LCO. Classical � utter be-
havior is characterized by divergent wing oscillations. In practice,
the sudden onset of high-amplitudewing oscillations that show no
tendency toward limited amplitude is interpreted as � utter behav-
ior. Typical LCO is characterizedby the gradual onset of sustained
limited-amplitude wing oscillations, where the oscillation ampli-
tude progressivelyincreases with increasingMach number and dy-
namic pressure. Nontypical LCO is characterized by the gradual
onset of sustained limited-amplitude wing oscillations, where the
oscillation amplitude does not progressively increase with increas-
ing Mach number, and oscillationsmight be presentonly in a limited
portion of the � ight envelope.

Fourteen external store con� gurations are used for the present
studyand are presentedin Table 1. This mix of con� gurationsis typ-
ical for a certi� cation � ight-test program on � ghter aircraft. These
con� gurations have a variety of stores and suspension equipment
including three different sets of missile launchers,missiles, and fuel
quantities in the tanks. These con� gurations are diverse in their
weapon carriage combinations, but they have similarities within
each LCO responsecategory. For example, all of the con� gurations
that exhibited � utter response characteristics (con� gurations 2, 3,

7, and 8) are carrying Missile 3 on station 3 and have no missile
present on station 2.

Flight-test results for this group of store con� gurations are pre-
sented in Table 2. The � ight-test results are for level � ight at
5000-ft pressure altitude. The � ight tests were generally conducted
in 0.05 Mach increments beginning at the lower Mach number.
Smaller incrementswere used when large responseamplitudeswere
encountered or expected. A test point maneuver was terminated
when the response amplitude either exceeded predetermined termi-
nation criteria, or the responseamplitude increased at such a rate as
to rapidly approach the predetermined termination criteria. So the
values presented might not be absolute maximum response levels,
but merely the highest response level measured before terminating
the test point. Details on the � ight-test procedures can be found in
Ref. 7.

As discussed in Ref. 7, the � ight-test results for a particular con-
� guration de� ne its LCO response category. From the results pre-
sented in Table 2, it is seen that each con� guration exhibits one of
the three categoriesdiscussed earlier of aeroelastic response behav-
ior (� utter, typicalLCO, or nontypicalLCO). The similarities in the
store carriagecon� gurationsmentionedearlierlead to similaritiesin
the instability oscillation frequencies for each category. The � utter
con� gurations showed frequencies greater than 9 Hz, whereas the
frequencies of the LCO con� gurations were all below 8.2 Hz.

Linear � utteranalysesresultsfor each� ight-testcon� gurationare
presented in Table 3. These analyses are not matched analyses but
merely worst-case“screening”analyses.In this manner all analyses
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Table 3 Linear � utter analyses, 0.95 Mach, sea level

Flutter speed, KCAS

Damping
Flutter Natural Natural

frequency, Unstable frequency, Coupled frequency,
Con� guration 0% 1% Hz modea Hz modea Hz Category

2 726 776 9.09 1WBb 8.88 1WTc 9.76 Flutter
3 635 689 9.21 1WB 9.02 1WT 9.89 Flutter
7 658 702 8.91 1WB 8.68 1WT 9.69 Flutter
8d 726 790 9.35 1WB 9.19 1WT 9.96 Flutter
1 467 537 6.89 FWBe 7.03 AWBf 6.34 Typical LCO
4 473 533 6.92 FWB 7.07 AWB 6.45 Typical LCO
6 509 566 6.90 FWB 7.09 AWB 6.49 Typical LCO
12 435 516 6.95 FWB 7.07 AWB 6.40 Typical LCO
13d 327 519 8.09 FWB 8.14 AWB 7.89 Typical LCO
16 493 554 6.97 FWB 7.14 AWB 6.55 Typical LCO
18 291 538 8.19 FWB 8.23 AWB 7.98 Typical LCO
5 876 924 7.51 1WB 7.80 1WT 6.93 Nontypical LCO
15 449 616 8.15 AWB 8.13 FWB 8.25 Nontypical LCO
17d 455 653 8.25 1WT 8.31 1WB 8.28 Nontypical LCO

aSee Fig. 3 for node line representation of mode shapes.
bFirst wing bending.
cFirst wing torsion.
dNetwork test con� guration.
eForward wing bending.
fAft wing bending.

Fig. 2 Flutter analysis model composed of doublet-lattice aerodynamics and lumped mass structure (all dimensions in inches).

are performedusing sea-leveldensity and 0.95 Mach doublet-lattice
method11 aerodynamicin� uencecoef� cients.(Note:The authorsac-
knowledge that the use of 0.95 Mach for the doublet-latticemethod
stretches the applicability of the underlying theory. However, for
this type of analysis reasonablecorrelationwith the � ight-measured
LCO onset speeds has been established. These analyses are used
here for consistency with conventional industry practice.) The free
vibration analyses are performed for a half-airplane model using a
matrix iteration method. The � rst 16 antisymmetric � exible modes
are retained for the � utter solution. The � utter equations are solved
using the Laguerre iteration method,12 which is a variation of the
classical k-method. The structural and aerodynamic models used
for these analyses are shown in Fig. 2.

Similar to the � ight-test results, the � utter analyses show similar-
ities for the con� gurationswithin each LCO responsecategory.The
most consistent feature is that the � utter and typicalLCO con� gura-
tions each have the same combinationsof modes in their respective
unstable mechanisms. Also of interest is that the nontypical LCO
con� gurationshave these same modes present in their mechanisms,
but the order of their frequencies and coupling are different from
the other categories. Node line representationsof the linear � utter
mechanism modes are shown in Fig. 3.

The analytical � utter speed is considered to be the velocity at
which the modal damping curve of the known aeroelastically sen-
sitive mode for the particular con� guration crosses from stable to
unstable(0% damping). It is consideredto be directly comparableto
the lowest airspeed at which self-sustainedoscillations,either LCO
or � utter, are encountered in � ight.

Comparing the � utter analyses (Table 3) to the � ight-test results
(Table 2), it is seen that the predicted speeds for the � utter con� gu-
rations are much higher than the actual instability onset speed. The
predictedspeeds for the typicalLCO con� gurationsare more in line
with the � ight-test results, but there is no consistent correlation to
the rate of oscillation amplitude increase. For the nontypical LCO
cases the speeds for two of the con� gurations are reasonable, but
there is no indicationthat the oscillationswill cease at higher speeds
for any of the con� gurations.

Fundamental Assumptions
The discussionin theLCO characteristicssectionshoweda funda-

mental connection between linear � utter analyses and LCO � ight-
test results. This discussion also highlighted the weaknesses and
limitations of using linear � utter analyses to predict LCO charac-
teristics. From this, it is evident that linear � utter analyses can be
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Fig. 3 Linear � utter analysis mode shapes (see Table 3 for frequen-
cies). (Note: Forward and aft wing bending modes have both pitch and
plunge components at the wing tip. First wing bending has only plunge.
First wing torsion has only pitch.)

used for the ANN analysis,but to do so some assumptionsregarding
LCO are required. This analysis approach requires a suf� cient his-
torical database of the LCO characteristicsof the particular aircraft
for which predictionsare sought.The fundamentalassumptionsand
supporting rationale are discussed in the following.

The � rst fundamentalassumptionis thatLCO is consideredto be a
variation of classical divergent � utter, whereby the inertial, elastic,
and aerodynamic forces combine to initiate unstable oscillations.
This assumption is supported by the observation that linear � utter
analyses are capable of determining LCO-sensitive store carriage
con� gurations, and � ight testing shows strong similarities between
LCO and classical � utter responses.6;7 The only difference in the
responses being that for LCO the oscillations stabilize at a limited
amplitude rather than diverging.

The second fundamental assumption is that LCO is considered
to differ from classical � utter in that the nonlinearities present in
the system might only serve to limit the amplitude of the result-
ing oscillations and do not change the � utter speed of the aircraft
con� guration.13 This assumption is supported by observationsdur-
ing � ight tests of LCO-prone � ghter aircraft, which show that the
� utter speed is relatively independent of the strength of the distur-
bances used to excite the aeroelastic system.

The third fundamental assumption is that the physical nonlin-
earities that cause LCO in a new con� guration must be adequately
represented in the historical data and these nonlinearities are in-
herent in the wing structure or aerodynamics. The nonlinearitiesof
the new con� guration are considered to be essentially the same as
for the � ight-test con� gurations used in training the arti� cial neural
network, and these nonlinearitiesare assumed to not vary from one
con� guration to another. That is, it is assumed that the store con� g-
uration can change the � utter speed or LCO onset speed, but not the
nonlinearity.

The last fundamentalassumption is that componentsof the linear
� utter analysesare consideredto be adequate for predictingthe gen-
eral natureof the aeroelasticinstabilitiesand to predict,qualitatively
at least, the onsetof LCO. There is evidencethat subtletiesin the lin-
ear � utter analysis results correlate to distinguishingcharacteristics
of the LCO behavior.6;7 For example, the speeds and frequencies
of the critical damping crossings and the modal composition of the
linear � utter analysis mechanism are generally accepted as being
related to the LCO behavior in � ight.

Analysis Parameters
With the fundamentalassumptions,LCO characteristics,andneu-

ral network fundamentals in mind, we can now examine the under-
lying aeroelastic theory for determination of appropriate input and

output parameters for the neural network. For ease of relating the
analysis to the � ight-test predictions, it is desired to use physically
interpretable parameters for the network input, output, and train-
ing. The � ight-measured displacements meet this criterion and are
a practical choice for a network output.

Assuming that the measured displacements are composed of a
linear and nonlinear part, then

qmeasured D qlinear C qnonlinear

The measured displacementsare known from the � ight-test results,
and the linear displacements can be obtained from classical linear
� utter theory making use of the modal transformation

fqlinearg D [Á]fr g

The mode shape matrix necessary to complete this transformation
is obtained from solution of the free-vibrationequation

¡
¡!2

i [m] C [k]
¢
fÁi g D 0

and the modal displacementsare obtainedfromsolutionof the linear
� utter equation.

£
¡!2 M C .1 C ig/K ¡ 1

2 ½V 2 Q
¤
frg D 0

In a similar fashion the � ight-measured frequencies can be de-
composed into a linear component and a variation caused by the
nonlinear effects

!measured D !linear C 1!nonlinear

where

!linear D !natural C 1!.V /

All of the parameters necessary to complete the linear analysis are
availablefor training the neuralnetworkeitherdirectlyor indirectly.
Table 4 lists the important parameters, their sources, and how they
are directly or indirectly represented in the neural network solution
process. This still leaves the nonlinear displacement component as
an unknown, which is essentially obtained from the neural network
during the training process.

With useful analysisparametersnow de� ned, the ANN is trained
using both � ight-test data and linear � utter analysisdata. The � ight-
testdata froma widevarietyof externalstore con� gurationsare used
and were presented in Table 2. These con� gurationsexhibit charac-
teristics that are representativeof the broad spectrum of � utter and

Table 4 Theoretical parameters for ANN analysis

Parameter Source Type

qmeasured Flight-measured response Direct
!measured Flight-measured frequency Direct
qlinear Linear � utter analysis Indirect
qnonlinear Neural network Indirect
Á; Ái Free-vibration analysis Direct
r Linear � utter analysis Indirect
!linear ; ! Linear � utter analysis Direct
!i ; !natural Free-vibration analysis Direct
1!.V / Linear � utter analysis Indirect
M Linear � utter analysis, Indirect

store carriage con� guration,
free-vibration modes
and frequencies

K Linear � utter analysis, Indirect
store carriage con� guration,
free-vibration modes
and frequencies

Q Linear � utter analysis, Indirect
Mach no., store carriage
con� guration, free-vibration
modes and frequencies

g Linear � utter analysis Direct
V Linear � utter analysis Direct
½ Flight altitude Indirect
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LCO responses encounteredby � ghter aircraft with external stores.
Reference 6 categorizes these characteristicsand showed a distinct
correlationbetween the modes comprising the predicted linear � ut-
ter mechanism and the � utter or LCO behavior. Essentially, it was
shown that different linear analysis� utter mechanismscorrelatedto
different aeroelastic responses in � ight. Based on these results, the
structuraldynamic characteristicsof the aircraft store con� guration
are representedas inputs to the ANN by the quantizedfree-vibration
mode shapes and frequencies that comprise the linear � utter anal-
ysis predicted mechanism (Table 3 and Fig. 3). The aerodynamic
characteristics are represented to the ANN by the linear analysis
� utter speed and frequencyand by a quantized representationof the
wingtip store con� guration. In this manner all of the fundamental
inertial, elastic, and aerodynamic characteristics of the aeroelastic
system are represented. Known LCO response level and response
frequency are used for output training. A complete list of the input
and output parameters are shown in Table 5.

Some network inputs are quantized values of descriptive infor-
mation. Because the network requiresnumericalquantitiesas input,

Table 5 Network input and output parameters

Parameter Data type I/O

Mach number Real number Input
Sta. 1 launcher Integer representation Input

of name
Sta. 2 launcher Integer representation Input

of name
Sta. 2 store Integer representation Input

of name
Sta. 3 store Integer representation Input

of name
Sta. 4 fuel state Integer representation Input

of name
Flutter speed (0% damping) Real number Input
Flutter speed (1% damping) Real number Input
Flutter frequency Real number Input
Unstable � utter mechanism Integer representation Input

mode shape of name
Unstable mode natural frequency Real number Input
Coupled � utter mechanism Integer representation Input

mode shape of name
Coupled mode natural frequency Real number Input
Oscillation amplitude Real number Output
Oscillation frequency Real number Output

Table 6 Quantization of input descriptors

Input parameter Descriptor Value

Sta. 1 launcher Launcher A 1
Launcher B 2

Sta. 2 launcher Launcher A 1
No launcher 0

Sta. 2 store Missile 1 1
Missile 2 2
No missile 0

Sta. 3 store Missile 1 1
Missile 3 3
No missile 0

Sta. 4 fuel state 1
2 full tank 3
1
4 full tank 2
Empty tank 1
No tank 0

Unstable mode Forward wing bending 0
First wing torsion 1
Aft wing bending 2
First wing bending 3

Coupled mode Forward wing bending 0
First wing torsion 1
Aft wing bending 2
First wing bending 3

all of the descriptivedata are representedas integers.Table 6 shows
the quantizationvalues used for the input descriptive data.

After the ANN has been trained, it is tested using selected LCO
cases from Ref. 7. The ANN gives, as output, the LCO response
amplitude and frequency as a function of Mach number. In this
manner the oscillationamplitude and frequency trends with respect
to Mach number can be evaluated and compared to the � ight-test
results.

Network Design
A static neural network in the form of a multilayer perceptron

(MLP) was chosen for a previous study8 because of its ease of de-
sign and evaluation, as well as its simplicity. The static network
was designed to simply feed forward input sets one at a time and
provide a prediction.By its nature there was no inherentknowledge
of past inputs or outputs. Therefore, the problem was simply one of
functional representationof the trainingdata. For the presentwork a
dynamic neural network in the form of a MLP with a delayed recur-
rent feedback connection is designed in an attempt to further re� ne
the predictive capability of the network. It is felt that by applying a
feedback loop from the output back to the input the network would
be better able to predict the next output because it would now have
knowledge of the precedingprediction.Speci� cally, the network is
comprisedof an input layer feeding into a hidden layer, followed by
another, smaller hidden layer, in a manner similar to earlier static
networks. The output is a � nal, linear layer that provides frequency
and amplitude of the predicted oscillation. This output is also fed
back to the input layer through its own weight structure as further
input to the network.

Transonic small-disturbancetheory14 indicates a dependence on
Mach number and practical observationsof the LCO � ight charac-
teristicssupport this. The feedbackconnectionin the dynamic ANN
is an attempt to model this sequentialMach-numberdependence.In
other words, consider the test data not as an explicit time sequence
but rather a set with a dependenceon (or knowledgeof) prior events
(such as a linearly increasing function of Mach number). This de-
pendence is the motivation for considering dynamic ANNs in the
present work. The basic premise being that if LCO or � utter oc-
curred at a lower Mach number it is likely to occur at a higher Mach
number, also. From a physicalperspective,if LCO is stronglyMach
dependent, then allowing the network to connect predicted behav-
ior at prior Mach numbers will re� ne its prediction for the current
Mach number. This attempts to give the network a broader view of
the aeroelastic behavior potential of a particular con� guration. In
effect, the network now has memory of past events.

Details of the dynamic network are shown in Fig. 4. The network
consists of an input layer, two hidden layers, and an output layer.
The inputsare directedto summingnodes throughthe inputweights,
whose sum is fed into nonlinearities in the form of hyperbolic tan-
gents.The outputsof the hyperbolictangentnodesare thenweighted
again, summed, and fed into another hyperbolic tangent layer. The
process is repeated again, this time through saturated linear output
nodes. The output is then fed back to the � rst hidden layer througha
delay, and multipliedby a feedbackweight matrix, forming a recur-
sive loop in the network. Both the hyperbolic tangent and saturated
linear functions have the property of limiting outputs to the range
[¡1, 1]. These functions are shown in Fig. 1c.

Supervised learning, that is, presenting the desired output to the
network in order to generate an error signal, which is then fed back
through the network by backpropagation, is used to train the net-
work. The Levenberg–Marquardt algorithm used in the previous
work8 was not applicable for training recurrent networks. Methods
based on Newton’s method of gradient descent have been shown
to perform more consistently in dynamic networks. For this study
a quasi-Newton method using an approximate Hessian matrix was
used to train the dynamicnetworks,where the weightupdate is com-
puted as a functionof the gradient.This method did not converge to
a solutionas fast as Levenberg–Marquardt,but gavemore consistent
results during multiple training sessions.

Typically, the static ANN would converge in seven to 25 epochs
using Levenberg–Marquardt, whereas the dynamic ANN required
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Fig. 4 Network diagram.

Fig. 5 Flight-test response characteristics, � utter subcases. (Note:
Flutter subcases shown separately here for clarity. Network is trained
using all subcases except con� gurations 8, 13, and 17.)

700–2000 epochs. The tradeoff, however, is that the quasi-Newton
method requires many fewer calculations per epoch, so that the
total training time was not signi� cantly longer. An epoch is de� ned
as one presentation of the training data to the network during the
network training process. All networks considered used the data
shown in Tables 1–3 and Figs. 5–7. Thirteen inputs were given for
each output frequency and amplitude vs Mach combination (Fig. 4
and Table 5). Inputs are quantized representations of the aircraft
con� guration,� ight Mach number, and linear � utter analysisresults
for the con� guration. All input data were normalized to span the
range [¡1, 1], consequently the outputs fall within that range as
well and have to be scaled back to workable values. Over all, there
are 14 � ight test/linear model combinations available for training
and testing the network. Three of these combinations were held
aside for testing and evaluating the effectiveness of each network.

Fig. 6 Flight-test response characteristics, typical LCO subcases.
(Note: Typical LCO subcases shown separately here for clarity. Net-
work is trained using all subcases except con� gurations 8, 13, and 17.)

These were � ight-test con� gurations 8, 13, and 17 (Figs. 8–10) and
representeda � utter case, a typicalLCO case, and a nontypicalLCO
case.Comparisonof the trainingand testingcurves for the � ight-test
data are shown in Figs. 5–7. These � gures show that the amplitude,
frequency, and Mach-number characteristics of the test cases are
suf� cientlydifferentfrom the trainingdata to be a dif� cult predictive
test for the network.The trainingand testingdata are shown grouped
accordingto their responsebehaviorcategory.However, thenetwork
is trainedusingall of the data exceptthe network test con� gurations.
It is left up to the network to determine the amplitude vs Mach-
number characteristicsthat de� ne the aeroelastic responsecategory
of the test con� guration results.

Several networks were designed, trained, and evaluated in order
to � nd the optimal con� guration.Single- and double-layernetworks
were evaluated.As with the static network in Ref. 8, a double-layer
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Fig. 7 Flight-test characteristics, nontypical LCO subcases. (Note:
Nontypical LCO subcases shown separately here for clarity. Network is
trained using all subcases except con� gurations 8, 13, and 17.)

Fig. 8 Flutter test case. (Note: Neural networksevaluatedat0.01Mach
increments in order to show analysis trends.)

network was chosen because it allowed more accurate modeling of
the nonlinear characteristicsof the solution space.

Consideration was given to network size, but only to the extent
that accurate functional representationcould be achieved. Because
the size of the requiredstaticANN had beenpreviouslydetermined,8

the search for an acceptable network con� guration began with net-
works of comparable size or larger. Minimization of the size of the
network was not the focus of this work and was not considered.

During the course of training networks the quality of the so-
lution to the training data was observed by plotting the network
approximations to the training data set after training was accom-
plished. It was an easy task, therefore, to determine if the network
was a reasonable, but not over� t functional approximation to the
system.

The � nal design scheme selected for the dynamic MLP contains
39 hyperbolic tangent nodes in the � rst hidden layer and 12 in
the second, with two saturated linear nodes as output (39 £ 12).
This con� gurationgavegoodgeneralizationover the solutionspace,
while learningthe trainingdatawell. The outputswere thecombined
oscillation frequency in hertz, and oscillation amplitude measured
in units of gravitational acceleration (g/ at the forward end of the
wingtip launcher. All input data were normalized to the range [¡1,
1]. The outputwas also containedin the range [¡1, 1] becauseof the
saturated linear output nodes. All output data were then processed
back to usable values by reversing the normalization process.

Fig. 9 TypicalLCO test case. (Note: Neural networks evaluatedat0.01
Mach increments in order to show analysis trends.)

Fig. 10 Nontypical LCO test case. (Note: Neural networks evaluated
at 0.01 Mach increments in order to show analysis trends.)

Results
Network inputs for the test cases consisted of the Mach num-

ber of the desired � ight condition, the store carriage con� guration,
the linear analysis � utter speed and frequency, the modal composi-
tion of the � utter mechanism, and the free-vibration frequencies of
those modes. The output from the network was in the form of an os-
cillation response amplitude and frequency.The three-dimensional
� ight-test data for the network test cases (Figs. 5–7) is shown in
Figs. 8–10 as two two-dimensional subplots of frequency and am-
plitude vs Mach number. From a two-dimensional perspective the
test data in Figs. 8–10 appear to be simple polynomials (or straight
lines). However, keep in mind that the network outputs must repre-
sent the � ight test data as functionallydependenton the linear � utter
analysis results and aircraft con� guration data as inputs. Thus, this
process is not simply curve � tting in two-dimensional space, but
rather a multidimensional mapping process with combinations of
two-dimensionalcurvesas output.When evaluatingnetworkpredic-
tions, it is also important to note that the networks are trained using
constant amplitude response data. Therefore, they seek to predict
a constant amplitude response. Zero-amplitude response in either
the � ight-test training data or the network output implies either no
response or damped response. So, it is possible for an oscillatory
frequency to be associated with zero-amplitude response. The fre-
quenciesassociatedwith zero-amplituderesponsesare thedominant
frequencies of the damped responses.
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SeveralMachnumberswere examinedfor each set of inputcondi-
tions, and responses were noted. The classi� cation of the predicted
response is by direct comparison to the � ight-test data and is de-
scribed as follows. The network indicated a � utter condition if the
output oscillation amplitude increased dramatically as Mach num-
ber increased. The network indicated a typical LCO condition if
the amplitude increased progressively with no sudden high-level
responses. The network indicated a nontypical LCO condition if
the amplitude increased up to a particular Mach number and then
decreased for higher Mach numbers.

For clarity, it is necessary to elaborate here on the rationale for
interpreting the ANN output in this manner. The � ight-test data
used to train the neural network consist of two primary compo-
nents: the oscillation amplitude and its frequency. Because LCO
exhibits a constant amplitude response for a given � ight condition,
the response characteristicsare typically noted in terms of the mea-
suredpeak sinusoidalamplitudeand the frequencyof the oscillation.
Cases with eitherdampedor randomoscillations,that is, no constant
sinusoidal response, are denoted in the � ight-test database as hav-
ing a zero-amplitude response, and the frequency associated with
this response is the dominant frequency determined from spectral
analysis of the response signal. For cases where divergent oscil-
lations are encountered, the � ight-test point is terminated as soon
as it is apparent that the oscillations are unbounded, and the maxi-
mum measured response amplitude is then typically recorded in the
database. Because the � ight-test points that encountered diverging
oscillationswere not allowed to diverge fully, the data used in train-
ing the network are the actual measured response data, which is not
necessarily the maximum response that would have been encoun-
tered had the oscillations been allowed to continue. For the LCO
cases the maximum constant amplitude response levels that were
measured are used to train the network.

Outputs from both the static and dynamic networksare compared
in Figs. 8–10. The measured test case data are available only at
0.80, 0.85, 0.90, 0.91, and 0.92 Mach. However, the networks are
evaluated at 0.01 Mach resolution from 0.80 to 0.95 Mach in order
to more clearly observe the network functional characteristics.

Comparisons of static and dynamic networks for the � utter test
case are shown in Fig. 8. The static network (SANN) shows very
good correlation to the test data at all measured test points. This
network shows a subtle increase in oscillation amplitude begin-
ning at 0.88 Mach. The amplitude curve slope exponentially in-
creases at higher Mach numbers up to 0.94 Mach. The amplitude
response predicted by the static network is consistent with that
seen in the � ight-measured data. By comparison, the dynamic net-
work (DANN) shows a sudden upturn in response amplitude at
0.87 Mach. The amplitude curve slope increases almost linearly up
to 0.94 Mach. The slope of the dynamic network response is not as
steepas thatof the static network.Althoughthe onsetMach numbers
and peak responseamplitudesare very similar for the two networks,
in practice,thedynamicnetwork resultsappear to be more indicative
of LCO behaviorratherthan� utter. In otherwords,thestaticnetwork
indicates � utter while the dynamic network indicatesLCO. The dy-
namic network shows a progressive increase in amplitude with re-
spect to Mach number rather than a sudden increase, which would
be indicativeof � utter. The computed response frequenciesfor both
networks showed very good correlation to the measured data.

For the typicalLCO test case (Fig. 9) the SANN amplitude tracks
the measured response very well at the measurement test points.
However, the functional behavior of the static network shows a
greater disparity with the general trend of the � ight-test data. The
relatively steep slope in the 0.83–0.88 Mach range indicates a rapid
increase to higher level LCO that is not seen in the � ight-test data.
Also, at the last measured test point at 0.91 Mach the static network
outputshowsa trendof levelingoffwhile themeasuredresponseam-
plitude continues to increase.By comparison,the DANN also tracks
the measured response very well at the measurement test points but
shows much better agreement with the typical LCO response trend
of the measured data. As was observed in the � utter case, it is seen
that both networks predicted the frequencies of oscillation nearly
exactly.

Table 7 Distribution of network training and testing points

Response Train-test Training
category Training pts. Testing pts. ratio con� gurations

Flutter 13 4 3.25 3
Typical LCO 25 4 6.25 6
Nontypical LCO 9 4 2.25 2
Total 47 12 3.92 11

As with the previous work,8 the nontypical LCO case was the
most revealing of the three test cases in that it again challenged
the ANN beyond its capabilities with the given data set. As shown
in Fig. 10, the static ANN amplitude tracked the � ight response
well up to 0.91 Mach. There, the static network indicated a slight
increase in amplitude while the � ight data showed a decrease. The
dynamic ANN had trouble tracking the amplitude from 0.83 Mach
and beyond where its responsewas more indicativeof typical rather
than nontypicalLCO. Neither network tracked frequencyas well as
for the preceding cases.

Conclusions
The feasibilitystudy8 concludedthat the staticANN was success-

ful consideringthe small dataset used for trainingand the limitations
of the static network itself. The present work shows that the � utter
test case is adequately predicted, and the typical LCO test case is
more accurately predicted with the dynamic network. A limitation
of the dynamic network is suggested in the nontypical LCO case,
where the network had dif� culty predicting the decreasing change
in oscillationamplitude that would be indicativeof this category of
response behavior.

For the � utter case thedynamicANN showeda relativelysteep in-
crease to high response amplitudes as Mach number was increased.
However, the slope of the response curve was not as steep as that
of the static network and could be misinterpreted in practice as in-
dicating typical LCO rather than � utter. For the typical LCO case
the general behaviorof the dynamic ANN tracked that of the � ight-
test data showing a progressive increase in response amplitude as
Mach number was increased.For very limited data sets, such as the
nontypicalLCO case, the dynamic network performs no better than
the static ANN does. The dynamic ANN had trouble tracking the
amplitude for the nontypical LCO case and showed response that
was more indicative of typical LCO.

Examination of these results along with a closer look at both
network types provides some insight into modeling approaches.
The static ANN, whose strength is its ability to map an input pat-
tern to an output pattern, many times gave better, or at least as
good results as the dynamic ANN, whose primary use is tracking
sequential data. The underlyingphysics, however, indicates depen-
denceon prior responsecharacteristics(in this case,Mach number),
implying that use of a dynamic network would be more appro-
priate. But the dynamic network only produced better predictions
for the typical LCO case, which by de� nition shows progressive
increases in oscillation amplitude with increasing Mach number.
This infers, then, that � utter response characteristics are suf� -
ciently differentfrom typicalLCO as to require a differentmodeling
paradigm. This inference cannot yet be extended to the nontypical
LCO responsebecauseof the small numberof samples available for
training.

Examining the functional form of the � ight-test phenomenonbe-
ing predicted (Figs. 5–7) and the quantityof data available for train-
ing and testing the networks (Table 7), it is observed that the data
set for the nontypical LCO case is much smaller than for the other
two response classes. One of the fundamental assumptionswas that
suf� cient data must exist from which the network can infer a rea-
sonable prediction of a trend in the physical phenomenon. The fact
that the nontypical LCO results do not show good correlation to
the � ight-test results indicates that this assumption is critical to ob-
taining reasonable and viable predictions from the neural network
approach and offers some quantitative bounds on what constitutes
“suf� cient data.”
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It is concludedthat the optimalANN modelingof � utter behavior
is a series of patterns in Mach and response amplitude space, best
approachedusing a static ANN. And the optimal ANN modeling of
typicalLCO, and most likelynontypicalLCO, is a recursivesystem,
best approachedusing a dynamic ANN dependent not only on a se-
quential set of inputsbut the precedingresults as well. This suggests
that in order to utilize a single network architecture for modeling
all three types of response characteristicsthe optimal network type
must be dynamic. Note that this does not contradict our conclusion
for � utter responsecharacteristicsbecause of the � exibility of a dy-
namic network, which is structured in such a way as to optimize
its use of the feedback connections, thereby drawing on them only
when necessary, thus emulating a static network when required.

Given a suf� cient historical database of � ight-test results, the
ANN approach for predicting LCO characteristics can provide ad-
ditional informationthat is useful in the certi� cation processbeyond
what is available from linear � utter analyses. Linear analyses ade-
quately identify store con� gurations that are � utter and LCO sen-
sitive, and these analyses give a good indication of the instability
frequency.But, linear � utter analyses do not accurately identify the
instability onset speed or the amplitude of the unstable response.
By comparison, the ANN approach provides predictions of ampli-
tude, Mach, and altitude trends similar to those obtained from � ight
testing. With improvement in the reliability of the predictions, the
availability of this additional data will allow certi� cations that rely
less heavily on � ight testing.
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